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A local basis algorithm for searching natural neighbours in Natural Element Method (NEM) is presented for solving
the elasticity problems in this paper. Comparison with the global sweep algorithm used in natural element method or
Natural Neighbour Method (NNM) for searching natural neighbours, the proposed algorithm is more expedient and
convenient in the constructions and computation of natural neighbour interpolations. In the proposed NEM based
on local search, the Laplace (non-sibson) interpolations are constructed with respect to the natural neighbour nodes
of the given point which have been locally deﬁned. The shape functions from the Laplace approximations have the delta
function property and the Laplace interpolants are strictly linear between adjacent nodes, which facilitate imposition of
essential boundary conditions and treatment of material discontinuity with ease as it is in the conventional ﬁnite element
method. The Laplace interpolants derived from the local algorithm and the global algorithm in NEM are identical
because of the uniqueness of the Voronoi diagram. Numerical results and convergence studies also show that the present
NEM based on local search algorithm possesses the same accuracy and rate of convergence as they are in previous NEM.
 2005 Elsevier Ltd. All rights reserved.
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In recent years, considerable eﬀorts have been devoted to develop various meshless methods to avoid the
mesh-related diﬃculties for certain problems such as crack propagation or large deformations, and about
10 diﬀerent messless have been developed. A common feature of the meshless methods is that they construct
the approximations in terms of discrete nodes and require no predeﬁned nodal connectivity. The common0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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reproducing kernel particle method (RKPM) by Liu et al. (1995), element-free Galerkin method (EFG)
by Belytschko et al. (1994), meshless local Petrov–Galerkin (MLPG) method by Atluri and Zhu (1998),
partition of unity by Melenk and Babuska (1996), Hp-clouds by Duarte and Oden (1996), and ﬁnite point
method by Onate et al. (1996), are all true meshless methods from the point of view of the node interpo-
lation, and have already been widely applied to various areas (Belytschko et al., 1996, 2000; Liu et al., 2003;
Hardee et al., 1999; Li et al., 2002; Ponthot and Belytschko, 1998; Wang et al., 2002). The advantages of
these meshless methods are apparent, however serious limitations exist. For instance, the diﬃculties of
imposition of essential boundary and treatment of material discontinuities, uncertain choice of the weight
functions, diﬃculties in the integration of stiﬀness matrix, and complexity in algorithms for computing the
interpolation functions are all major technical problems for stress analysis of solids.
The meshless methods have been proposed to avoid the numerical diﬃculties of mesh entanglement in
the Finite Element Method (FEM), but they pay for the high cost in the computational time, the enforce-
ment of essential boundary, and the treatment of material discontinuities. Special technologies, such as the
Penalty method (Zhu and Atluri, 1998), transformation of approximate nodal values to actual nodal values
(Cai and Zhu, 2004), nodal integration method (Beissel and Belytschko, 1996; Zhou et al., 2003), combined
FEM–EFG method (Belytschko et al., 1995), and eﬃcient computation of shape functions (Beitkopf et al.,
2000), have been proposed to overcome the problems. But the progress is miniscule untile recently due to
the deﬁciency of the data interpolation scheme used in these meshless methods.
The Natural Element Method (NEM) proposed by Braun and Sambridge (1995) and Sukumar et al.
(1998), Natural Neighbour Method (NNM) proposed by Sukumar et al. (2001) are another class of mesh-
less methods. The interpolation scheme used in this class of methods is known as natural neighbour inter-
polation. The properties of the natural neighbour interpolation are excellent, such as its delta function
property, linear property between adjacent nodes, and well-deﬁned approximation without uncertain
user-deﬁned parameter. The NEM presents some distinct and attractive features and has already been ap-
plied to various analysis in solid and ﬂuid mechanics.
Instead of searching for the natural neighbours on a global sweep algorithm in NEM, a local search
algorithm in natural element method, which quantiﬁes the natural neighbour nodes of the given point based
on the locally delaunay triangles, is proposed. The proposed local algorithm is more expedient and conve-
nient in the constructions and computation of natural neighbour interpolations compared with the global
sweep algorithm used in previous NEM.
The arrangement of this paper is as follows: the algorithm searching for natural neighbours based on the
locally delaunay triangles is presented in Section 2. The computation of the Laplace interpolations is pre-
sented in Section 3. In Section 4, the governing equations of elastostatics for NEM based on the local
search are described. Section 5 demonstrates the eﬀectiveness of the proposed method by analyzing two lin-
ear elastostatics problems. Conclusion are discussed in Section 6.2. Search for natural neighbours
In order to solve the diﬀerential equations of boundary value problems in present NEM, a set of distinct
nodes N = {n1,n2, . . . ,nm} should ﬁrst be set up at the arbitrary geometry shape of domain X (see Fig. 1).
Suppose that sample point p(x) is an arbitrary numerical integral point of domain X, the algorithm for
the neighbour-search in present NEM is based on the locally delaunay triangles. Let the initial inﬂuence
nodes M = {m1,m2, . . .} of the point p be conﬁned within the dashed lines of the square as shown in
Fig. 2.
The next step is to directly determine the natural neighbours of the point p by using the empty circum-
circle criterion — if DT(nI,nJ,nK) is any Delaunay triangle of the nodal set N, then the circumcircle of DT
p (x,y)
r
Fig. 1. Discrete model of region X and its arbitrary integrate point p (x).
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Fig. 2. Natural neighbour of the point p.
Y. Cai, H. Zhu / International Journal of Solids and Structures 42 (2005) 6059–6070 6061contains no other nodes of N. Find the node 1 which is nearest to sample point p from the nodal set M.
Starting with edge p  1 and using the empty circumcircle criterion, we form a set of locally deﬁned trian-
gles {p, 1,2}, {p, 2,3}, {p, 3,4}, {p, 4,5}, and {p, 5,6}, where the nodes 1–6 are selected from the nodal setM
in Fig. 2. Now, the nodes 1–6 are just the natural neighbours of the point p.
The natural neighbours of the given point p are unique after the nodal set N has been set up at the do-
main X. The size of the square edges 2r in Fig. 1 will not and can not inﬂuence the deﬁnition of the natural
neighbours of point p. The purpose of the restriction of the inﬂuence nodes to the square region is to reduce
the time for searching for the natural neighbours. Hence, the size of the length r must be large enough to
contain all the natural neighbours of point p, and should be small enough to save the time consumed of the
neighbour-search. Of course, the nodal set N of domain X can be regarded as the initial inﬂuence nodal set
M of the point p, but the neighbour-search will be much more expensive and can not be aﬀorded.
In Sukumar (2003) and Sukumar et al. (2001), the neighbour-search of the point p is diﬀerent from the
above algorithm. The sequence of the key steps for neighbour-search is as follows. At ﬁrst, the Delaunay
triangulation of the domain X is constructed by connecting the nodes using the empty circumcircle
p12
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Fig. 3. The step for neighbour-search in NNM.
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circumcircle of the triangle) are found (Fig. 3(a)). The new triangles (Fig. 3(c)) for the computation of
the laplace interpolant can be formed by deleting the interior edges of the associated triangles (Fig. 3(b))
and connecting p to the facets on the outer boundary.
Clearly, the natural neighbours of the point p in Figs. 2 and 3(c) are the same. The important diﬀerence
of the neighbour-search methods is that the complex and robost alogrithm of the Voronoi diagram for the
whole domain X is not needed in the present NEM.3. Laplace interpolation
Natural neighbours provide a means to deﬁne a robust appoximation for scattered nodes in X according
to the relative spatial density and position of nodes. Silbson and Laplace (non-silbson) natural neighbour
interpolations can be diﬀerently used in NEM. In 2D, the Laplace shape function deﬁned by the ration of
length measures (Sukumar et al., 2001) whereas the Silbson shape function is based on the ration of areas
(Sukumar et al., 1998). The computational cost and algorithm are more favorable in Laplace interpolant
than in Silbson interpolant. In this paper, we choose Laplace interpolant to develop the NEM.
In Fig. 4, C12p, C23p, C34p, C45p, C56p, and C61p are the circumcentres of the triangles {p, 1,2}, {p, 2,3},
{p, 3,4}, {p, 4,5}, {p, 5,6}, and {p, 6,1}, respectively. Connecting the points {C12p,C23p,C34p,C45p,C56p,C61p}
by sequence, we can form the voronoi cell of the point p. If the point p(x) has n natural neighbours (six neigh-
bours in Fig. 4), then the Laplace shape function for node i is deﬁned as:UiðxÞ ¼ aiðxÞPn
j¼1
ajðxÞ
; ajðxÞ ¼ sjðxÞhjðxÞ ; x 2 R
2 ð1Þ
1
2
3
4 5
6s1
s6
s5
s4
s3
s2
h1
h6
h5h4
h3
h2
c12x
c61x
c56x
c45x
c34x
c23x
p
Fig. 4. Computation of Laplace interpolation of the natural neighbours.
Y. Cai, H. Zhu / International Journal of Solids and Structures 42 (2005) 6059–6070 6063where aj(x) is the Laplace weight function, sj(x) is the length of the voronoi edge associated with point p and
node i, and hj(x) is the Euclidean distance between point p and node i (Fig. 4).
The derivatives of the coordinates are obtained by diﬀerentiating Eq. (1):Ui;jðxÞ ¼ ai;jðxÞ  UiðxÞa;jðxÞaðxÞ
aðxÞ ¼
Xn
k¼1
akðxÞ; a;jðxÞ ¼
Xn
k¼1
ak;jðxÞ
ð2ÞThe global forms of displacement approximations uh(x) of point p(x) can be written asuhðxÞ ¼
Xn
i¼1
UiðxÞui ð3Þwhere ui(i = 1, . . .,n) are the vectors of nodal displacements at the n natural neighbours of point p, and Ui(x)
are the shape functions associated with each node.
By deﬁning of the shape function given in Eq. (1), the following properties are self-evidentXn
i¼1UiðxÞ ¼ 1; x 2 X ð4Þ
0 6 UiðxÞ 6 1;
UiðxjÞ ¼ dij;

x 2 X ð5ÞFrom Eq. (5), it can be seen that the Laplace interpolation passes through the nodal values, which is in
contrast to most meshless approximations, where the nodal parameters ui are not nodal displacements.
Also, the Laplace shape functions is C0 at nodal locations as well as on the boundary of the support. These
properties make that the Laplace interpolant exactly satisfy (linear) essential boundary conditions. A more
detailed discussion of the Laplace interpolation and its application to PDEs can be found in Sukumar et al.
(2001) and the references therein.
It is noted that if the position of the point p is the same as an arbitrary node i, the algorithm in Eq. (1)
will fail because of the Euclidean distance hj(x) = 0 and Laplace weight function ai(x) = ±1. This situation
never arises when the triangular ﬁnite elements are used as integral cell and all integration points are inte-
rior to the triangles. But when the regular cells, for example, the cells in Fig. 5 similar to the EFG method,
are used to the integral scheme, the computational diﬃculty is encountered. A generally applicable method
to overcome this numerical diﬃculty is to randomly move nodes by a small distance (e.g. 1e-10) before
computing.
Fig. 5. The regular background cells for numerical integration.
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We consider the two-dimensional problem with small displacements on the domain X bounded by C.
The equilibrium equation and boundary conditions are given as follows:r  rþ b ¼ 0; in X ð6aÞ
r  n ¼ t; on Ct ð6bÞ
u ¼ u; on Cu ð6cÞwhere r is the stress tensor which corresponds to the displacement ﬁled u;b is the body force vector; the
superposed bar in (6b) and (6c) denotes prescribed boundary values, and n is the unit normal to the domain.
The variational form of (6) is posed as followsZ
Ct
du  tdC
Z
X
de  rdXþ
Z
X
du  bdX ¼ 0 8du 2 H10 ð7ÞThe discretized system can be obtained by substituting (1) into (7)K D ¼ f ð8Þ
whereK IJ ¼
Z
X
BTI DE  BJ dX ð9Þ
f I ¼
Z
Ct
UI  tdCþ
Z
X
UI  bdX ð10Þwhere DE is the elasticity matrix, BI is the strain matrix.
From the above deduction,we can know that the numerical results obtained by NEM with Laplace inter-
polants (Sukumar et al., 2001) and the present NEM with local search are the same because the Laplace
interpolants derived from both algorithm are identical due to the uniqueness of the Voronoi diagram.
Y. Cai, H. Zhu / International Journal of Solids and Structures 42 (2005) 6059–6070 6065The algorithm for the neighbour-search is the only diﬀerence in previous NEM in Sukumar et al. (2001) and
present NEM in this paper.5. Numerical examples
The present NEM is coded in standard C++. Cases are run in order to examine the NEM in two dimen-
sional elastostatics.
The patch test of the presentNEMbased on local search is the same as the previousNEMandNNMbased
on global search. The accuracy of the ﬁnite element type in the patch test in NEM cannot be expected due to
the fact that the numerical integration of the weak form is inexact as it is in EFG and other meshless methods.
In order to evaluate the error in the solutions, we deﬁne the displacement norm and energy norm as
follows:kuk ¼
Z
X
uT  udX
 1
2
ð11Þ
kek ¼
Z
X
eT  rdX
 1
2
ð12Þl
d
p
x
y
Fig. 6. Cantilever beam and its nodes distribution.
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Fig. 7. Comparison of deﬂection y at y = 0.
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Comp
1506
3847
6009ru ¼ ku
num  uexactk
kuexactk ð13Þ
re ¼ ke
num  eexactk
keexactk ð14Þ5.1. Cantilever beam
Consider a beam of length l = 8 m and height b = 1 m as shown in Fig. 6. The displacements are pre-
scribed at x = 0 and a parabolic traction P = 1N is applied to the free end. The analytical solution to this0 2 4 6 8
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Fig. 8. Comparison of normal stress rx.
1
arison of computational cost (unit:s)
Nodes Mesh Search for
cover node
Computational of
strain matrix
Assemble and
solve equation
Total
FEM 0.19 – 0.21 0.48 0.88
Previous NEM 0.19 0.31 0.29 1.06 1.85
Present NEM – 0.57 0.29 1.06 1.92
EFG – 0.37 0.45 1.49 2.31
FEM 0.57 – 0.63 0.78 1.98
Previous NEM 0.57 1.07 1.21 3.12 5.97
Present NEM – 1.83 1.21 3.12 6.16
EFG – 1.24 1.73 4.85 7.82
FEM 1.03 – 1.09 1.44 3.56
Previous NEM 1.03 1.74 3.10 5.35 11.22
Present NEM – 3.16 3.10 5.35 11.61
EFG – 1.93 4.65 7.97 14.55
Y. Cai, H. Zhu / International Journal of Solids and Structures 42 (2005) 6059–6070 6067problem is shown in Belytschko et al. (1994). The material properties are E = 1 · 105 Pa and m = 0.25. The
problem is solved for the plane stress case.
The comparisons of the deﬂection v and the stress rx at y = 0 with 246 distinct nodes are shown in Figs. 7
and 8. It can be found from Figs. 7 and 8 that the numerical solutions of displacement and stress obtained
by EFG and present NEM show a good agreement with the exact solution which is much better than those
obtained by triangular FEM.
The time required in numerical computations in a same computer is compared with that in triangular
FEM, EFG, previous NEM, and present NEM. The subsequent results are shown in Table 1. In present
NEM, the mesh step is not needed, but the time for neighbour search is grater than it is in previous
NEM. As seen from Table 1, the time required in present NEM is almost the same of the previous0 100 200 300 400 500
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Fig. 9. Convergence of relative displacement error norm for beam problem.
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Fig. 10. Convergence of relative energy error norm for beam problem.
6068 Y. Cai, H. Zhu / International Journal of Solids and Structures 42 (2005) 6059–6070NEM, greater than triangular FEM, and a little shorter than EFG. We can ﬁnd that the local search-algo-
rithm in the present NEM can not improve the computational eﬃcient of natural neighbour interpolations.
The merits of the present NEM lie in its expedience in the constructions and computation of natural neigh-
bour interpolations and convenience for nonlinear and large deformation problems for which iterative
methods are needed.
The convergence study is performed using 50, 138, 283, and 486 node discretizations. Convergence in
displacement is shown in Fig. 9, and convergence of energy is reported in Fig. 10. High convergence rates
have been achieved in the present method.
5.2. Inﬁnite plate with a hole
This problem is a portion of an inﬁnite plate with a central circular hole (Fig. 11). An unidirectional ten-
sile load of r = 1 Pa in the x direction is applied at the boundary. Due to symmetries only the upper righta
b x
y
σ
Fig. 11. Inﬁnite plate with central hole and its nodes distribution.
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Fig. 12. Comparison of normal stress rx at x = 0 for the inﬁnite plate with central hole problem.
Table 2
Comparison of computational cost (unit:s)
Nodes Mesh Search for
cover node
Computational of
strain matrix
Assemble and
solve equation
Total
1276 FEM 0.15 – 0.18 0.48 0.81
Previous NEM 0.15 0.29 0.25 0.96 1.65
Present NEM – 0.49 0.25 0.96 1.70
EFG – 0.32 0.41 1.26 1.99
3512 FEM 0.54 – 0.59 0.75 1.88
Previous NEM 0.54 1.02 1.19 3.08 5.83
Present NEM – 1.76 1.19 3.08 6.03
EFG – 1.19 1.71 4.65 7.55
6532 FEM 1.14 – 1.21 1.61 3.96
Previous NEM 1.14 1.91 3.29 5.54 11.88
Present NEM – 3.44 3.29 5.54 12.27
EFG – 2.10 4.93 8.18 15.21
Y. Cai, H. Zhu / International Journal of Solids and Structures 42 (2005) 6059–6070 6069quadrant is modeled with a = 1 m and b = 5 m. The comparison of stress rx at x = 0 with 336 distinct
nodes is given in Fig. 12. The time comparisons of diﬀerent methods are shown in Table 2.6. Conclusion
A local basis algorithm in natural element method for solving elastostatic problems, which searches the
natural neighbour nodes of the given point and have been deﬁned based on the locally delaunay triangles, is
proposed. A variational form is used to form the system discrete equation for two-dimensional solids. Com-
parison of the computational time indicates that the present NEM based on local search is feasible and
attractive.
The main beneﬁts of present NEM are:
• The complex and robost algorithm for whole domain X is not needed and the proposed algorithm is
more expedient and convenient in the constructions and computation of natural neighbour
interpolations.
• Some diﬃculties in other meshless methods ,such as, the implementation of essential boundary condition
and treatment of material discontinuities, have been avoided.
These advantages allow the present NEM to be one of the simplest meshless method to implement, espe-
cially for solving the problems of crack propagation or large deformations. Numerical examples demon-
strate the same eﬀectiveness and accuracy have been achieved in the previous NEM based on global
search and the present NEM for elastostatics.References
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